A mapping f : Z → Z is called residue-class-wise affine if there is a positive integer m such that it is affine on residue classes (mod m). If there is a finite set S ⊂ Z which intersects nontrivially with any trajectory of f , then f is called almost contracting. Assume that f is a surjective but not injective residue-class-wise affine mapping, and that the preimage of any integer under f is finite. Then f is almost contracting if and only if there is a permutation σ of Z such that f σ = σ −1 • f • σ is either monotonically increasing or monotonically decreasing almost everywhere. In this article it is shown that if there is no positive integer k such that applying f (k) decreases the absolute value of almost all integers, then σ cannot be residue-class-wise affine itself. The original motivation for the investigations in this article comes from the famous 3n + 1 Conjecture.
Introduction
In the 1930s, Lothar Collatz made the following conjecture which is still open today (see [4] for a survey article and [5] for an annotated bibliography): Conjecture 1.1 (3n+1 Conjecture) Iterated application of the mapping T : Z −→ Z, n −→ n/2 if n even, (3n + 1)/2 if n odd to any positive integer yields 1 after a finite number of steps. In short this means that for all n ∈ N, there exists k ∈ N 0 such that T (k) (n) = 1.
Obviously this conjecture holds if and only if there is a permutation σ of Z which maps positive integers to positive integers and fixes 1 such that T σ = σ −1 • T • σ maps any integer n > 1 to a smaller one. Since T is surjective but not injective, this is essentially equivalent to requiring that T σ is monotonically increasing almost everywhere (imagine the graph of a monotonically increasing conjugate!).
In this article, on the one hand we generalize the question for the existence of such a monotonically increasing conjugate to other mappings similar to the Collatz mapping T . On the other we specialize it to the case that the conjugating permutation σ itself is of a form similar to T , i.e. is residue-class-wise affine: Definition 1.2 We call a mapping f : Z → Z residue-class-wise affine if there is a positive integer m such that the restrictions of f to the residue classes r(m) ∈ Z/mZ are all affine, i.e. given by
for certain coefficients a r(m) , b r(m) , c r(m) ∈ Z depending on r(m). We call the smallest possible m the modulus of f , written Mod(f ). For reasons of uniqueness, we assume that gcd(a r(m) , b r(m) , c r(m) ) = 1 and that c r(m) > 0. We define the multiplier Mult(f ) of f by lcm r(m)∈Z/mZ a r(m) and the divisor Div(f ) of f by lcm r(m)∈Z/mZ c r(m) . We always assume that Mult(f ) = 0. Definition 1.3 Let f : Z → Z be a mapping. We call f almost contracting if there is a finite set S ⊂ Z which intersects nontrivially with any trajectory of f . Definition 1.4 Let f : Z → Z be a mapping. We call f monotonizable if there is a permutation σ ∈ Sym(Z) and a finite set S ⊂ Z such that f σ is either monotonically increasing or monotonically decreasing on Z \ S. Further we call f rcwa-monotonizable if σ can be chosen to be residue-class-wise affine. Remark 1.5 It is easy to see that surjective, but not injective monotonizable residue-classwise affine mappings are also almost contracting, and that almost contracting such mappings are monotonizable. Example 1.6 We look at the residue-class-wise affine mappings
if n ∈ 1(6),
(n − 1)/9 if n ∈ 1(27), n otherwise.
The mapping f is surjective and rcwa-monotonizable. Indeed its conjugate under σ is f σ : n → (n + 1)/2 , which is monotonically increasing on Z. Therefore f is almost contracting. This is nontrivial, as there are trajectories like 21, 95, 433, 217, 109, 55, 28, . . . and 63, 284, 142, 71, 325, 163, 82, . . ..
A Necessary Condition for rcwa-Monotonizability
In this article we derive a necessary condition for rcwa-monotonizability: Theorem 2.1 Assume that f is a residue-class-wise affine mapping which is not injective, but is surjective and rcwa-monotonizable. Then there is a k ∈ N such that there are at most finitely many n ∈ Z which satisfy |f (k) (n)| |n|.
In the proof we need the following lemmata:
Lemma 2.2 Assume that f is a non-injective residue-class-wise affine mapping. Then there are a residue class r 0 (m 0 ) and two disjoint residue classes r 1 (m 1 ) and
Proof. Let m := Mod(f ). Since f is not injective, there are two residue classesr 1 (m) andr 2 (m) whose images under f are not disjoint. The images f (r 1 (m)) and f (r 2 (m)) are also residue classes. Thus their intersection r 0 (m 0 ) is a residue class, too. The preimages r 1 (m 1 ) and r 2 (m 2 ) of r 0 (m 0 ) under the affine mappings of f |r 1(m) resp. f |r 2(m) are residue classes as well. They are disjoint since they are subsets of distinct residue classes (mod m).
Lemma 2.3
Given a residue-class-wise affine mapping f , there is a constant c ∈ N such that ∀n ∈ Z |f (n)| Mult(f ) · |n| + c.
Proof. Take upper bounds on the absolute values of the images of n under the affine partial mappings of f .
Proof of Theorem 2.1: By assumption, we can choose a residue-class-wise affine permutation σ and a finite set S ⊂ Z such that µ := f σ is monotonically increasing or monotonically decreasing on Z \ S.
Surjectivity and non-injectivity are inherited from f to µ. Hence by Lemma 2.2 there is a residue class r(m) such that any n ∈ r(m) has at least two distinct preimages under µ.
From the surjectivity of µ, the monotonity of µ on Z \ S and the finiteness of S we can conclude that there is a constant c ∈ N such that we have ∀n ∈ Z |µ(n)| < m/(m + 1) · |n| + c , and induction over k ∈ N yields ∀k ∈ N ∀n ∈ Z |µ (k) (n)| < (m/(m + 1)) k · |n| + k · c .
For any k ∈ N we have f (k) (n) = σµ (k) σ −1 (n). We choose k such that (m/(m + 1)) k < 1/ (2 · Mult(σ) · Div(σ)) .
Since inversion interchanges multiplier and divisor, by Lemma 2.3 for some constant c depending on σ the following holds:
|f (k) (n)| = |σµ (k) σ −1 (n)| < Mult(σ) · (m/(m + 1)) k · |n| · Div(σ) + c < |n|/2 + c.
Since neither k nor c depends on n, this completes our proof.
